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In this paper, we explore the spectral properties of the moving hollow-core photonic crystal waveguides (PCWs). We 
find that frequency combs could be generated in the hollow cores of the moving PCWs. Besides, amplitudes of the 
sidebands in the generated frequency combs are strongly dependent on the spatial field distribution of the core-
guided modes of stationary PCWs. Particularly, we find that introduction of the periodic point defects to the 
innermost rows of the PCW hollow core would significantly modify the spatial field distributions of the guided modes, 
leading to appearance of the tightly localized defect modes. This, in turn, leads to the enhancement and equalization 
of the amplitudes of the side bands in the frequency combs generated by the moving PCWs.   
1. Introduction 
Photonic crystals (PCs) are the photonic structures in which the 
dielectric constant exhibits periodic variation in one, two or in all three 
orthogonal directions [1, 2]. In recent years, the idea of using PCs to alter 
the dispersion relation of photons has received widespread interest and 
consideration due to numerous potential applications. It is reported by 
several groups that passive elements such as slow-light waveguides [3-
6], optical delay lines [5, 7, 8], optical buffers [9], etc. can be considerably 
improved, if constructed on the basis of PCs. Most of the existing 
research however focused on the stationary PCs, while moving PCs 
were somewhat overlooked. Due to the relativistic effects, the 
interaction between light and a moving PC can lead to many intriguing 
phenomena such as inverse Doppler effect and the generation of 
frequency combs [10-16]. In our prior studies, we have demonstrated 
the methodology for analyzing interactions between light and various 
types of 1D- and 2D- PCs and PCWs [10]. In particular, we found that the 
monochromatic light launched to the hollow-core of a moving 2D PCW 
could excite frequency combs. In this paper, we further explore the 
guiding properties of the moving 2D hollow-core PCWs. We first analyze 
the core-guided modes of a stationary PCW in the moving reference 
frame. Then, the mode solutions could be transferred back into the 
stationary reference frame using Lorentz transformation (LT). We find 
that amplitudes of the sidebands in the frequency combs generated in 
the hollow core of moving PCWs strongly depends on the modal 
distribution of the stationary PCWs. Moreover, we show that the 
amplitudes of the principal sidebands in the frequency combs could be 
equalized and enhanced by introducing periodic point defects to the 
innermost rows of the hollow-core PCWs. Numerical simulations using 
finite-element software COMSOL confirm that compared to the case of 
regular moving PCWs (without defects in the core), the moving PCs with 
the periodic point defects in the core generate frequency combs with the 
sideband amplitudes 1-2 orders higher and comparable in values. Thus, 
using moving PCWs with periodic point defects could be a more 
effective route for the frequency comb generation which also allows 
enhancement and tuning of the sideband amplitudes. On a general note, 
using moving PCWs for frequency comb generation allows foregoing of 
the nonlinear materials and high-power sources, which are currently 
used for generation of frequency combs. We hope this work would 
inspire more experimental research relating to the generation of 
frequency combs and other nonlinear properties of moving PCWs. 
2. Generation of frequency combs in regular moving 2D PCWs and 
2D moving PCWs with periodic point defects.  
 
Fig. 1 Schematic of the excitation of guided modes in a moving hollow-
core 2D PCW. 
 
We start by analyzing the modal properties of a regular moving 2D 
PCWs. Consider two reference frames - a stationary frame S with 
coordinates (x, y, z, t) and a moving frame S’ with coordinates (x’, y’, z’, t’). 
The corresponding axes of the two frames are mutually parallel, and the 
frame S’ moves at a constant velocity v with respect to the frame S along 
its x-axis. The spacetime in the frame S’ could be related to the spacetime 
in the frame S via Lorentz transformation (LT).  
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where c is the velocity of light in the free space, and 2 2 1( 1 )v cγ −= − . 
In Fig. (1), we present an example of such a waveguide with a hollow 
core surrounded by a photonic crystal cladding featuring a square 
lattice of dielectric rods. The waveguide is homogeneous along the z’ 
direction and periodic along the x’ and y’ directions with the lattice 
constant a. The PC hollow core is a defect introduced into the infinite 
photonic crystal by removing one row of the dielectric rods. The 
photonic crystal is moving along the x-axis at a constant velocity v  in 
the frame S. In the frame S’, the photonic crystal is stationary. For the 
sake of simplicity, we consider TE polarized mode of a waveguide 
excited by the incident planewave polarized in the z direction. In the 
case of a finite size (in x’ direction) PC, when a planewave is incident onto 
a photonic crystal waveguide in the frame S’, it excites two counter-
propagating modes in the waveguide core that have the electric fields in 
the Bloch form (see page 150 in Ref. [1]):  
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where ( )β ω′ ′  is a dispersion relation of the core-guided mode of a PC 
waveguide in the moving reference frame S’ in which the waveguide is 
stationary (see Fig. 2(b)). Also according to the Bloch theorem, ( )β ω′ ′  
is confined to the first Brillouin zone ( ],a api pi−  , and ( )( , )U x yβ ω′ ′±′ ′ ′  
are the periodic functions along the x’-axis with a periodicity of a:   
( ) ( )( , ) ( , )U x a y U x yβ ω β ω′ ′ ′ ′± ±′ ′ ′ ′ ′ ′+ =
.                        (3) 
Applying LT to the modal form (2), the electric field of the guided mode 
in the PC hollow core in the frame S could be expressed as (see Eq. (4) in 
Ref. [10]) : 
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where ( )O v c is a correction term on the polynomial order of v c . 
Since ( ) ( ( ), )U x vt yβ ω γ′ ′±′ −  is a periodic function in the x’ direction with 
period a , it can be presented in terms of the discrete Fourier series:  
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where n is an integer, and 
'( ')
n
A β ω± are the Fourier coefficients. 
Substituting Eq. (5) into Eq. (4), we obtain the angular frequencies 
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the moving 2D PCW in the stationary frame S: 
*
,
* *
, 2
2
( )
2
( ) ( )
1
n
n
vn
v
a
v n
ac
v
c
pi γ
ω ω γ β ω γ
ω γ pi γ
β ω β ω γ
ω ωγ
±
±
′ ′ ′= ± +
′
′ ′= ± + +
 
′ = + 
 
.                 (6) 
Here, we assume that the PCW is excited with a monochromatic 
planewave with frequency ω in the frame S that is incident from 
x = +∞ . We therefore conclude that two frequency combs are 
generated inside of the hollow core of a moving 2D PCW. From Eq. (4, 
5), we find that the Fourier coefficients '( ') ( )
n
A yβ ω± represent the 
amplitudes of the generated sidebands. Also note that these Fourier 
coefficients could be calculated by applying a Fast Fourier Transform 
(FFT) to the periodic function ( ) ( , )U x yβ ω′ ′±′ ′ ′ . We use the finite 
element software COMSOL to numerically calculate the electric fields 
±
′E  of the core-guided mode of the hollow-core PCWs in the moving 
reference frame S’ (see Fig. 2(a)). In our simulation, the lattice constant 
a of the hollow core PCW is chosen to be 1 µm, and an individual lattice 
rod is of a radius R=0.38 µm and refractive index nR=3. The band 
diagram of this PCW in the frame S’ is presented in Fig. 2(b). As an 
example, consider photonic modes with ( ) 0β ω′ ′ =  (Г point in Fig. 
2(b)).  Note that when ( ) 0β ω′ ′ = , Eq. (6) could be simplified as: 
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Thus, from Eq. (7), we can find a very simple relation between 
*
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,
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Applying FFT to 
0
( , )U x y′ ′ ′ , we then have the Fourier coefficients 
0
( )nA y′ as shown in Fig. 2(c). One can also calculate the full dispersion 
relations of the sidebands generated by the core-guided mode of a PCW 
using Eq. (6), and the results are presented in Fig. 2(d)). 
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Fig. 2 (a) Electric field of a core-guided mode at the Г point ( ( ) 0β ω′ ′ =
) in a regular PCW in the moving frame S’. (b) Band diagram of the PCW 
in the moving frame S’. (c) The Fourier coefficients 
0 50
0 0
A A− (sideband 
amplitudes) calculated from a regular PCW in the frame S’. (d) 
Dispersion relation of the guided mode in a regular moving PCW in the 
stationary frame S (v=0.001*c) for ( ) ( , )
a a
pi piβ ω′ ′ ∈ −  
 
From the result shown in Fig. 2(b), we note that the amplitudes of the 
sidebands in the harmonics are generally three orders smaller than that 
of the fundamental band. We found that introducing a periodic point 
defect in the innermost row of the PCW could lead to appearance of the 
highly localized (in the x’ direction) defect states, and thus increase and 
equalize the amplitudes of the harmonic sidebands. This is easy to 
understand by noting that sideband amplitudes are simply the Fourier 
coefficients of the guided mode decomposition in terms of the periodic 
functions in the x’ direction. If a guided mode is strongly localized at a 
defect site of size d, while the PCW period is a, then from the basic 
properties of a Fourier transform, it follows that ~2a/d of Fourier 
coefficients will have comparable values.  
As an example, consider a hollow-core PCW featuring a periodic defect 
in the form of 2 smaller rods in its innermost rows of the PCW core as 
shown in Fig. 3(a). The defect rod features a smaller radius (Rd = ~0.15a) 
and this defect is repeated every 8a periods in the x’ direction. In the 
frame S’, the electric field 
±
′E  of the core-guided mode in such a 
waveguide is numerically calculated using COMSOL (Fig. 3(b)). In Fig. 
3(c), we also calculate all of the possible states (blue dots) in the PCW; In 
particular, we show the core-guided ‘defect’ mode using a solid black 
curve. Knowing the electric field distribution of the defect mode, we than 
calculate the corresponding Fourier coefficients '( ') ( )
n
A yβ ω±  using Eq. 
(5). Compared to the regular moving PCW shown in Fig. 2(a), the 
moving PCW with a periodic defect point could generate a number of 
sidebands with much higher and comparable amplitudes. Particularly, 
we note that the several low-order sidebands have the coefficients (Fig. 
3(d)) just one-order smaller than that of the fundamental band, which 
indicates a significant enhancement in the sideband amplitudes as 
shown in Fig. 2(b). This is easy to rationalize by noting that modal field 
of a defect mode has a size d~a in the x’ direction, while a new period of 
a PCW in x’ direction is 8a. Thus, we expect 2 16a d ≈ sidebands to 
have comparable amplitudes. Finally, we show the dispersion relation 
* *( )β ω of the core-guided mode of a moving PC waveguide with 
periodic point defects in the stationary reference frame S (Fig. 3(e)). 
 
 
Fig. 3 (a) Schematic of the unit cell of a PCW featuring a periodic point 
defect with a period 8a. (b) Electric field in the S’ frame of a core-guided 
mode (at the Г point, ( ) 0β ω′ ′ = ) in a PCW featuring a periodic point 
defect repeated every 8a.  (c) Band diagram of the PCW with a periodic 
point defect in the moving frame S’. Blue dots represent all of the 
possible states in the PCW, and the solid black curve represents the 
core-guided “defect” mode. (d) The Fourier coefficients 
0 50
0 0
A A−
(sideband amplitudes) calculated at the Г point ( ( ) 0β ω′ ′ = ) for a PCW 
having a periodic point defect. (d) Dispersion relation of the guided 
mode in a moving PC with a periodic point defect in the stationary frame 
S (v=0.001*c) for ( ) ( , )
a a
pi piβ ω′ ′ ∈ − .  
 
Further increasing the spatial separation betweeen the point defects 
would allow generation of more sidebands with higher and comparable 
amplitudes.  As an example, we simulate the guided mode of a hollow-
core PCWs in the moving frame S’ that has a periodic point defect with a 
periodicity of 16a (Fig. 4(a)). The corresponding Fourier coefficients 
0
( )nA y  and dispersion relations of the guided modes in the frame S’ are 
also presented in Fig. 4(b, c).  Compared to the moving PC with a point 
defect having 8a periodicity, this moving PC could generate ~32 
sidebands that have comparable amplitudes. 
 
 
 
Fig. 4 (a) Schematic of the unit cell of a PCW featuring a periodic point 
defect with a period of 16a. (b) Electric field in the S’ frame of a guided 
mode in a moving PC with a periodic point defect of period 16a.  (c) The 
Fourier coefficients 
0 50
0 0
A A− calculated at the Г point ( ( ) 0β ω′ ′ = ) for 
a PC with a periodic point defect. (d) Dispersion relation of the guided 
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mode in a moving PC with a periodic point defect in the stationary frame 
S (v=0.001*c) for ( ) ( , )
a a
pi piβ ω′ ′ ∈ − .  
Conclusions 
In summary, in this paper we explore the spectral properties of the 
moving hollow-core PCWs. We conclude that frequency combs could be 
generated from the moving hollow-core PCWs. Moreover, the 
amplitudes of the sidebands in the generated frequency comb are 
strongly dependent on the field distribution of the core-guided modes 
of stationary PCWs. Introduction of a periodic point defect to the 
innermost rows of the PCW hollow core could modify the field 
distribution of the guided modes of a moving PCW, and lead to the 
significant enhancement and equalization of the amplitudes of the 
sidebands in the frequency comb.  
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